
Minimal Model Program

Learning Seminar .

Week 9 :

• Terminal 3 - fold HMP

• Termrnalrgabronr .

• Small 0h - faclorralrgatrons .

• Torre singularities .



Terminal 3 - fold HMP :

X terminal projective 3 - fold .

Tc

X - - -s Xt

f! Ift
w
'

.

X Q - factorial .
is a flipping contraction

. pcxtw ) - s
- Kx ample over W

X has terminal
org -

X is smooth in cod 2
.

What we want : construct to an room in cod L
.

pcxtlw ) =L

Nxt is ample over W

Xt has terminal soy .

Xt Q - factorial .



X - E -s Xt

f! 1ft
W

Xt is unique
and coincides with

Prov w :# f- * Ox lnkx )

Rex ) = o f- * Ox lnkx )

provided that this
ring

is a fog Ow - algebra

Proposition : RCX ) is fog as an Ow - algebra iff

it is fig locally over W . Leven locally analytically on Wl .



'

I:÷
.

I
1€ W is not Q - factorial .

Mori 1988 : proved that these curves can be

contracted one by one in the analytic cab .

x

"

.

Xa

X 2

④ → .
.
. →



Terminal 3 -fold flippig
contr → extremal neighborhoods .

-0

i ! X terminal 3 - fold
×

we W closed point .'

f-
'

wi - ie
'

-

ryf / - Kx ample over W .

"

(Wow ) is a raboml my
⑨ WE W

pcx.tw) =L .

Question : What happens if we have a smooth

extremal neighborhood ?



Smooth extremal neighborhoods :

Prop : Let XZC - Ha
'

be an extremal neighborhood .

Then Occkx ) - Occ -11 , Icl Id = Ocotea ) and

thx l has a smooth member .

(Ic is the ideal sheaf of Con X ) .

Proof : Kx . C - -I . from Kx .
C co and H' (Oc CkxD so .

O → Lotto → Dx
'

④ Oc → Octroi→ o.

we define that there is an isomorphism
1142125 ) I OCKX) O QC- Kc)

Tarry degree , we conchie

Jg Golic ) - Ckx
.
C ) - dyke ⇒ .

O → Lots! Occ- s ) → 0×115 ⑧ Oxckx ) → Acct ) → o
.

Hy Io III ⑥ Oecs )) -0 - Hence
,

LILI ⑥ Acct ) = Go Occ-s ) .



IF
'

KE C , CD , x ) smooth diy

µ¥ on the germ
CX.at

,
D extend

naturally fo a Tharoor D '

of X .

I
D

'

E I- Kxl ?

④w EW

Pio X e 21 and the isomorphism is induced by

Pro X - 2,1 D
'

- C =L
6 U

L 1- L- C C - Kx= -I
is

12
'

D
'
n - Kx .

El

Corollary : In the above case , X is the blow-up

of a smooth 3- fold Cwiw ) along a smooth whee

co pong through w .



1-
Corollary . Let X.→ W be a terminal 3 - fold

flipping contraction . For
every WEW

i f-
'

Cwi contains

a singularity .

¥→

oaf → 4

0 Classified terminal 3 - fold soy .
" ""

L . - There are at most 3 singular points .

2.

- There is some woe divisor D

I passing through some of thievery points .

• WE W

Theorem (Moro , est '

. Let XZC - E
'

be an extremal nbd
.

Then one of the following on the linear systems I-akxl

(a =L or 2 ) holds :

is I- Kal has a member D with DuVal
ay ,

or

iis I - 2kW has a member D so that the double cover z of X

branched locos D has only DuVal sing .



D being DuVal ⇒\ Iµ¥µ - D' ' (X.D) is purely log terminal
.

1
The finitegeneration of

⑦ w
④ nao f * Ox Cnkx)

⇐

The finite generation of

④ns.of/o0DCnKx7 .

The latter is a problem about projective surface

;
This condoto the

existence of flips

for terminal 3
-folds

Term 3 - fold .

X -- → X,→ Xz - -- s X, - -→ . . .

hi! how! . .
.



theorem : An arbitrary sequence of
3 -Jim extremal

canonical Ckx ta ) - flips is finite

Lemma : Let § : X -→ X
' be a (Kita) - flip

of a 3- frm canonical pair (X , 4
- E

' it , er Di ) .

Let C'EX ' be a flipped curve .
and Eci be the

exceptional divisor obtained by blowing up C
!

Then X
'

is smooth along C
'

and
,

[
genome point

I

O E Oc (Ec :X ,4) < ACE d. X
'

,I
' I = I - -2¥molto coil

where motta Uo 's is the multiplicity of D
'

ahoy c
'
.

Proof : Since C '

us a flipped curve ,
then X '

is smooth along the generic pb of C
'
. Indeed X

'

is

terminal along Zo .
. so smooth

If there is a non - terminal real with center on C
'
,

then there is a non - canonical ad on CX.LY .



Difficulty function : CX
,
as EarDil canonical pan

with Di pairwise diff prime diwans or Msx tail
.

Sie I' ai Zhao C- Oh .
We set

JCX
,a) = E! # { Exceptional

throw our X

sees .

with oecEIX.at < I - ×
} .

2C 20C

X-O.

Ex : car singularities . i d ( car ) - r .

Rm : The diff function is merry # of non - term real

JCX
,
d) soo and dulia ) does not increase

after a flip .



Termination of canonical 3 - fold flips :

Proof : D= I' i'I , ai Di , are . . . Ear.

§' 0/2 03
(Xia ) - - - s CX '

,all - -
-s (42,47 - -→ . .

.

a-

If k=o , then dcxo - i. o ) > Jcxo , o ) .

•LE X'

g-
'coke aCEixh
•

X rt
"

W
•

Hence , after finitely flips JCX' . o ) - o and then

there is no more flip -

Assume Kao . Jcxi ,aid is non - decreasing .

CJ flipped come for 0/0
-I

assume is contained in Ddr
.

then arcs and J (Xi -1,4 ' ' ) s t cxo.LV ) .

Thus for jsso , DE contains no flipped anees .



Denote by D- in the normalization of Dtr .

D- no
"

→ DTs is a birational morphism .

The exe comes of D- in → Ifr for l - k are 1. i .

At some point we have D-I - Ets for exo .

This means that both the floppy ant fhpped corner

are disjoint from Dor .

C . D?. - o

)
°"

(X.4=-2
' ii. ai Di ) flips¥¥ (x.a '

-E'iiiaioiettip .

1

By induction on k , these flips stop
µ

.



Abundance : If X is htt t Kx net ⇒ Kx semisimple .

This is proved for terminal 3-folds by Kawamata
.

These three results settles down the MMP for terminal 3- folds .

Existence of flips
✓ Term of flip . -

✓ Abundance /

1988 Mori 1988 Mori . Kawamata 90's.

Kollar - Shomron.

i
Existence of a Termination of

f- tips :
l flips .
I

2000's Kothi - Shomron. I 2004 i Alexeex - Huon - Kwasnik
(

from (X.at canonical to (Xia) Ic term of flips for Chat a-fold .

I
3- folder -

,
- Ckx ta ) eff .

i: T.ci:c:P:
'!.nl?n:m.Efiimtr

promotes the MMP worms mhm "' -

1,2006 , BOHM term of flips
2006 : BOHM existence of flip i

(Xd) htt .
I

,

CX'd) KIT Kita big .

' 2018 : Term of flips for CX,'d ) k 4-fold
Lobi HX- Brr : existence of flip I

' with Kita pseff .

"" I cx.at Ht 4- to" mimed

} unmown.I

!
(Xia) dim 35 .



Applications to singularities :

conjecturally ,
the MMP contracts lfbpr the locos .

Bs Ckx ) = Bs - Ckx )

This is known in dim 3 and it follows from termination t abundance

Recall : DEX ,
A ample divisor on X .

Bs - CD ) = U Bs (Ot EA ) E Bs CD)
E 20

Countable onion of 21g varieties.

Leis . . . showed the existence of a timer on certain blow-
op

of IR
'
whose Bs- is a countable onion of corner .

Termrnzhgatron . Let CX ,4) be a nett pair of dim 3
.

Then there exists a projective birational morphism T→ X

so that Y is terminal and

exl-rutexatythedwoorvwithoeECX.tl) E C- 1,03 .

-

Proof . Ez , Iz ) 6*4*+47 ← Hz taz
' "Ith

d 't to Az after we
& I increase all neg coeff

too
.

(Xia )



Proof . Ez , Iz ) 6*46+47 ← Hz taz
' "Ith

'
' Liz to Az after we

E
t' LY, Ix)I ✓ increase all neg coeff

too
.

(Xia )

Bs
- Chez + Liz j z

All dinners with

R the lump for *.
,→±%"

all these darn. .
✓ we contract

(Z ,
Liz ) terminal → when you run the MMP

it remain terminal
.

µ .

Abundance : he pairs (Xia ) Tim 3 N

k pairs
(Xia ) Tim 4 with µ

X onrwled

to
parr (Xia )

dim 4 with
??

Kita preft



Small Q- factor is ligation : Let CX.LI) be a nett
pair . of

drm 3.

Then there exists a projective birational morphism T X

so that ie is a small morphism ( does not extract divisors ) .

and Y is Q - factorial . In particular , HT thy = to Ckx ta)

defines a KIT
parr

(Y, Ix ) and Y is left .

Sketch : (Z
,
Az ) a log resolution of CX , G )

& I @ * Ckx +41 = Kz taz .

( X.a )

Dz may have negative coefficients , CZ ,Liz ) is a sub - htt
pair .

Let Eso so that all coefficents of Az are less than i - e .

This E exists by the KIT - ness assumption
Let a'z be the divisor obtained from Liz . by increasing

all the coeff of exo timor over X fo I- e

Then , by the negativity lemma
, we obtain

oupp
( Ex CZIX )) E Bs

-
(Kat I'z IX )

.



i.e. , the diminished bare bow of Kat II over X

contains the exceptional locus of 2- → X
,
which we

may assume purely tixroorial .

Hence
, when run the MMP for Keta 'z relative over X :

(Z, ) - -→ (Ze , IIe ) - - - s . . .
- r - s (Zr , Ll't w )

q e.

cx .
!i

Cx )

All the Incisors of Ex CZIXI are contracted
.

The MMP terminates

because we are

working in dimension 3
. We call Karta 'm. the

last model of this MHP . Since kz TIE is big over X
,

then Kzixt Glen. is big and net over X .

Furthermore
,
Ek is Q- factorial , since Z is Q -fact

and the MMP preserves On - factorial it .

By an the morphism Earn small . Hence

hi (Kx ta ) = Kzn. t Liza . We can set

Y- ZK and conclude the proof . I -



of Jm 3

Dlt modification : Let CX.LI ) be a log canonical pair
There exists a projective birational morphism te :X→X

so that it only extract trainers E so that QE CX,a) -o

and W-stay = Heckard ) defines a Jlt par
Ctia )

Sketch : Let CZ.dz ) be a log resolution of

Ice cx.at
.

(X , as

We define It to be the divisor obtained from Liz

by increasing to 1 all coefficients from the
prime components of

Iz 'which are exceptional over X and three coeff CL
.

By the negativity Lemma
,
we have :

U Supp CE) E Bs
-
(htt G'a- 1×1

.

E exc over X

RE CX , d ) 20

By the toy smoothness , CZ , Liz ) is tht .



We run a MMP for kata 's. over X
.

We can CZK
.
a'zu ) the best motel of this

minimal model program .

It contracts all the divisors on Z which are

exceptional over X and satisfy EE CX ,also .

Hence , Er Is X only extract divisors with

AE (Zx ,
I'zx ) =o

.

Since the MMP prisoner the dlt property , then

we have that (Zx .
I'zu ) is Jlt .

Hence , it suffices to tame Y- Zx .

The following is a corollary of existence of smell Q- fact .

Corollary : A KIT surface sing N Q - factorial .

Proof : A small Q - fact is in this case



Remark :

• The existence of small Q - fact in dimension n

follows from the existence and termination of flips

for Kit pairs CX ca) with kxta big over the base

in dimension n .

• The existence of terminal rogation , in dimension n

follows from the existence and termination of flips

for Kit pairs CX ca) with kxta big over the base

in dimension n .

• The existence of Jlt modification in dimension n

follows from the existence and termination of flips

for Jlt pairs CX ca) with kxta big over the base

in dimension n .

However
, in a paper by Kothi and Kovacs ,

there

is a proof (
toe to Huon ) only omg

HMP for Ht pain
.



Toric singularities :

Toricgeometry is the side of algebraic geometry
that comes from combinatorics

.
The equation defining

toric varieties and toric singularities are binomial equations
and these binomial equations are encrypted by
certain convex bodies

.

Let N be a free finitely generated abelian
group

and M - Hom (Nik ) its dual
.

Na and Ma the associated Q - vector spaces

Let G E Nce be a strictly convex polyhedral cone .

strictly convex means that it doesn't contain linear sub .

Y o n o

F¥¥
.

+⇐⇐
convex polyhedral . strictly convex polyhedral cone .

not strictly convex



Given EE Na strictly comeex polyhedral cone .

OH = { we Ma l LUV > Z o for all neo } .

O
"

is also a strictly convex polyhedral cone

ITI [on MJ is the corresponding ring associated

to the
semigroup

an M

We define X coli - spec CEE-LO's MT )
.

Example :
or = span { C-nah , Criss } E Q?

O
'
-- span { ( Ion l , C-I. n ) } E Q2 .

The
semigroup

on M is generated by
(Ich ) , C-L , n ) 2nd coil )
11 11 11

x y £

with the relation CL, n ) t C-Ich ) = 2h Cost )

Hence
, Xco) = IT[x. ya 31 cxy -zzn ) .



Toricgeometry :

The M -grating on ITEM MI induces a

Spec CIEIEMI ) = lcrmdm""" - action on Xcoz

Let 's set n - Jim ( X Col ) Jima Cma )

Xco ) can be decomposed in frm
"
- orbits

,

so that a Qin
- l
- orbit corresponds to

2 l- dimensional face of O.

Example : O as an previous example .

IF [x%HKxy - En >

If 2=0 , we obtain ✓
Gin corresponds to

✓
Gmo

one try eton

spec BEEN Kxcy>
= 4-→ an correpoty

to the other
ry

If 2- to , then neo , yeo

and Cts .tz ) 1- Cte , titi , ta) .

gives
an iso of Qin with this chart



Q - factorial and smooth toric points :

Thc affine tone variety Xco) is smooth iff

E is a regular cone of Ma ,
i.e. , its extremal

rays span
M

. Cover %) .

If o is regehr , then X. Co ) = G
"

.

The affine toric variety X.Cot is On - factorial it

8 is simplicial . in Ma
, i.e . , its extremal

rays span Ma
Cover Q )

.

If Gio simplicial , then Xco) = ①YA ,

where A is a finite abelian
group 2day monomnlly on Q

"
.

Example : O- span { C
-nah

,
Chief E Q2

defines XCO) which is e ④Helen→ 2n root of unity .

Let E =

span { ( Lc 0207, Casio ), co, 0cL ), CI . -2.173 E QB .

Then X.Co) is isomorphic to a cone over IP
'

xp
'

Thus
, is not ② - factorial Cito local duo

group
contains

a copy of
'
Z )

.



Small Q - fact of toric singularity :

A small Q - factorialigatoon of a tone
omg correspond

to a simplicial lion of O C cone refinement ) .

That does not introduce new -

rays .

Exam le :

E

"

=

span { (Koro), Cosio ), co, och, CI . - c. 113 E Q
!

this corresponds to
this corresponds to \ a blow- op extracting

aabbgy-%7a.to?dJ / q \
- copy or P

'
'

\ this small map

⇐ - →""
in -
¥¥¥

'

in. . .

!
"

- up of
the maximal ideal at the vertex

is a (not - small ) Oh - facto realization .


